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Pushing the “Envelope”

Envelope described by an
“amplitude function”

We saw, for a FODO
system, that the motion of a
single particle is contained
within an “envelope”

Wish to determine its
functional form, and the rate
at which the phase of the
oscillatory motion develops

Decouple motion of
individual particle from
intrinsic properties of the
accelerator design



Hill's Equation --
Analytical Solution

® We saw that the equation of transverse motion is Hill’s
Equation:

" + K(s)r =0

® Note: “similar” to simple harmonic oscillator equation,
but “spring constant” is not constant -- depends upon
longitudinal position, s.

® So, assume solution is sinusoidal, with a phase which
advances as a function of location s; also assume
amplitude is modulated by a function which also

depends upon s: z(s) = A\/B(s) sinfth(s) + 6]

® Plug into Hill’'s Equation...



Analytical Solution (cont’d)

o(s) = Ay/B(E)sinfp(s)
i | = %Aﬂ_%ﬁ’sin[w( )—|—5 | + A\/Bcos[th(s) + 8]y’

T =

Plug into Hill’'s Equation, and collect terms...

" + K(s — A3 lw + 51#] cos[y(s) + 6]
+A/ [ 1 ﬁ;) e %%ﬂ — (¥')* 4+ K| sin[)(s) + 6] =0

A and 9 are constants of integration, defined by the initial
conditions (xg, x;) of the particle. For arbitrary A, §,
must have contents of each [ ] = 0 simultaneously.



Analytical Solution (cont’d)

® Thus, we must have ...

/ 1 (32 13"
¢//+§¢/:O and _Z(ﬂﬂQ) +§%—(¢/)2—|—K:O
BY" + B =0 268" — (8')° —48°(')> + 4K3* =0
(6¢/)/:O 256//_(6/)2_|_4Kﬁ2:4

B’ = const

/
=1
i /B \[‘ Differential equation
he function F(s) is the | thatthe amplitude

Note: the phase advance is an

observable quantity. So, while could local Wavelength ()\/27.‘.) function must obey
choose different value of const, then
(3 would just be scale accordingly; Of the OSCiH&tOI’V motion.

so, we can choose const = 1.



Some Comments

= We chose the amplitude function to be a positive definite function in its
definition, since we want to describe real solutions.

® The square root of the amplitude function determines the shape of the
envelope of a particle’s motion. But it also is a local wavelength of the
motion.

® This seems strange at first, but ...

B |magine a particle oscillating within our focusing lens system:; if the
lenses are suddenly spaced further apart, the particle’s motion will
grow larger between lenses, and additionally it will travel further before
a complete oscillation takes place. If the lenses are spaced closer
together, the oscillation will not be allowed to grow as large, and more
oscillations will occur per unit distance travelled.

® Thus, the spacing and/or strengths (i.e., K(s)) determine both the rate
of change of the oscillation phase as well as the maximum oscillation
amplitude. These attributes must be tied together.



The Amplitude Function, (5

Higher (3 --
smaller phase advance
larger beam size

greater phase advance
smaller beam size

® Since the amplitude function is a wavelength, it will have numerical values
of many meters, say. However, typical particle transverse motion is on the

scale of mm. So, this means that the constant A must have units of m'/2,
and it must be numerically small. More on this subject next time...



Equation of Motion
of Amplitude Function

From
266" — (8')% + 4K 5? = 4

we get
26/6”"'255”,_26/5”+4K,62+8K66/:O

3" +4KB +2K'3 = 0.
Typically, K'(s) = 0, and so

(ﬂ”—l—llKﬁ)/ —0

or
B’ + 4K = const.

is the general equation of motion for the amplitude function, £.
(in regions where K is either zero or constant)



Piecewise Solutions
mK=0:

1 o
3" = const — B(s) = Bg + ﬁ(l)s n 556/82 0a2®

= since 8 > 0, then from original diff. eq.: 288" — (8')* = 4
= Therefore, parabola is always concave up B3>0

BK>0,K<O:

B(s) ~sin /cos or sinh/cosh + const



Courant-Snyder Parameters, &
Connection to Matrix Approach

® Suppose, for the moment, that we know the value of the
amplitude function and its slope at two points along our
particle transport system.

® Have seen how to write the motion of a single particle in
one degree of freedom between two points in terms of a
matrix. We can now recast the elements of this matrix
In terms of the local values of the amplitude function.

® Define two new variables,
===

O 2

1+ a?
B

® Collectively, 3, «,~ are called the Courant-Snyder
Parameters (sometimes called “Twiss” or “lattice” parameters)

g, v=




The Transport Matrix

® We can write: z(s) = a/Bsiny + by/B cos

m Solve for a and b in terms of initial
conditions and write in matrix form

= we get:

( > (g) (cos Ay + g sin Aw)) vV Bo/3 sin A (
%' \/ﬂ sin Ay — (\)‘/600‘_2 cos A (%) ii (cos Ayp — arsin Ap)



Periodic Solutions

® Within a system made up of periodic sections it is natural
to want the beam envelope to have the same periodicity.

® Taking the previous matrix to be that of a periodic section,
and demanding the C-S parameters be periodic yields...

S cos Ay 4+ a sin A B sin A
periodic — —~ sin A cos A — asin A

Mperiodic @

values of B, a above correspond to one
particular point in the accelerator



Periodicity and the “Tune”

m \We see from above that matrix of a
periodic section (which, for example,
could be an entire synchrotron!) has a

Trace which is
trace(Mperiodic) = 2 cos Ay

B |f the matrix does represent an entire
synchrotron, then the total phase
advance Is just 2w X the tune: 1)

Ay =2mv= ¢ 3(5)



Propagation of
Courant-Snyder Parameters

® \We note that can write periodic matrix
corresponding to location s as:

AL cos A + asin Ay £ sin A
1111 —~ sin Ay cos Ap — arsin Ay

1 1 0 a :
= ( Ik )cosAw—l—( I )smqu
= Tcos Ay + Jsin Ay — ¢/AY

(87
where J = ( b ) detJ =1, trace(J)=0; J>=-1I



Tracking B, o, vy ...

= Let M, and M,, be the “periodic” matrices at two points,
and M propagates the motion between them. Then,

| Mj
| . My=MM; M
B (M7, M5 are “once around”)

= Or, equivalently, JQ = M J1 M_l

® So, if know parameters (i.e., J ) at one point, can find
them at another point if given the matrix for motion in
between



Evolution of the Phase Advance

® Again, if know parameters at one point,
and the matrix from there to another
point, then

a b b
Mi_o = === = tan Av+_,
1—2 (c d) AN an Ay _,o

B So, from knowledge of matrices, can
“transport” phase and C-S parameters
along a beam line



Simple Examples

® Propagation M = ( |y )
through a Drift '
=—= A = tan (51—11041)
B =By —2a0L + yoL?

a=ag — oL

Y =70
. 1 0
= Propagation HIHIGUEHAD
through a ThinLens =  A¢¥=0
5= Do
a=ag+ fo/F

v =0 + 209/ F + By/F?



Choice of Initial Conditions

® Have seen how B can be propagated from one point to
another. Still, have the choice of initial conditions...

® |f periodic system, like a “ring,” then natural to choose
the periodic solution for B,

® |f beam line connects one ring to another ring, or a ring
to a target, then we take the periodic solution of the
upstream ring as the initial condition for the beam line

= Will discuss optical “mismatches” and their implications
in future talks



Computation of
Courant-Snyder Parameters

® As an example, consider a FODO system

= (e )G D)l 1) (0 7)

1 ( —11/F 1—LL/F ) ( 1/1F 1+LL/F )

ML 22 H s
1 (—L/F2 1—L/F—L2/F2)

® Thus, use above matrix to compute
functions at exit of the F quad..



FODO Cell

® From the matrix:

T ( 1—2%5 | —2LL/_1|; £2£§/F2 ) 1 ( | >

Here, p 1s
phase advance
through one

periodic cell
11 —9_J[2/F? = L
traceM =a+d=2—L*/F° =2cosp I:{> sin 5 = 5

5= .b _oF 1+s%n,u/2 a:a.—d: 1+s%n,u/2
sin [ 1 — sin p/2 2 sin 1 — sin p/2

® |f go from D quad to D quad, get

® at exit: 5—oF 1 —sinpu/2 |1 —sinp/2
1 1+ sinp/2’ i 1 + sinp/2




Periodic FODO Cell Functions

m Tevatron Cell

sin(u/2) = L/2F=06 — p~ 1.2(690)‘
Bimaz = 2(25 m)4/1.6/0.4 = 100 m

Brmin = 2(25 m)1/0.4/1.6 = 25 m 120 I | I I |
v~ 100 x 1.2/27 ~ 20

100




Computer Codes

® Complicated arrangements can be fed
into now-standard computer codes for
analysis
= TRANSPORT
= SYNCH
= MAD
" CHEF
" many more ...



An Example -- NuMI| Beam Line

I ] 5
. - n File Edit Examples Tools Windows Devices Help
Il 1\ i i i i
U SI g (3 = ||| ¥ o fafa fa fa fn
=10x| =101l =10lx]
Mame | Type |Azimuth | oooi13g
ML beamline  0-355.173 000133 ! Guads with F in the name are focusing, with a D are defocusing
+- § EXTRACT beamine 0-60.0581 000134 HOD101 : QUADRUPOLE, TYPE = 0120, L = 0540120, K1 =-115 B4E54/ERHO
3. % FoDo beamline  E0.0581-117.653 000135 IF100 :ORIFT. L=LEIM  lion purmp
A . . +- i HT104 beamline  B0.0581-61 6186 000136 QI0MUP:DRIFT, L=.174625
(Michelotti, Ostiguy) < § HBPMI0S beamine 61618662307 | DOOT37 QIOTDN: DRIFT. L= 218815
. 0105 beamire 6230765759 000138 IF1014: DRIFT, L = LEIN
] Q105U diik £ 466 000139 C101 - UNE = (1IFT00.0101UR HQD 01, kGD107, HAD 01,01 01D IFT 07 A0
¢ HOFI050120 quednupole 6399 ggglj”n Egggﬂ%ﬁgﬁffgﬁﬁ? = 0120, L= 0540120, K1 = 132.87501/BRHO
ESF?S?GQD maﬂ;e[ | g:;ﬂ 000142 Q102 : LINE = { HOF102MOF102,HOF102,HO020M )
P - HUACpBIE B3, 000143 HOD103 - QUADRUPOLE, TYPE = 0120, L = 0.5*LQ1 20, K1 = -130.68561/BRHO
.| ooson: dit - B5.79 000144 HQD3DN : DRIFT, L = 2138857
+- § CORIO5 beamine  BS 783883733 | pog145 0103 | LINE = (HOD103.M0D103HOD103.HQ0IDN )
1 § VACI0S beamiine 863733730232 | o145 HQF104 : QUADRUPOLE, TYPE = G0, L = 0.5*L0G0, K1 = 44.92258/BRHO
£ § VEPM10G beamine 7AO0292797014 | popi47 HQOADM - DRIFT, L = 26229
+ § 0106 beamine 77014830732 | gopiag 4 | >
% § COR10 beamlne 530732835815 —|olx|
- § VACI08 beamlne 53521595 964 Fie Options Data Help
+- § HBPM107 beamlne 95 .354-96.9374
- § 0107 beamlne 96.3374-100.2765
+- § COR107 beamlne  100.276-100.785
+ § VACTO beamlne 100.785-112.827 E
+- § COR108 beamlne  112.827113.35 C
< ¥ VEPM108 beamline  113.35-114.199 C
- § 0108 beamlne 114193117653 = E 5
+1- § WDOWN beamlne 117 £53-175.538 — E C pad
- | CARIER: diift 230 485 ] gogbs----- - 0 '5-
. /2] 3 C =1}
+l- i WP beamline 238 485-365.173 m ] F
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NuMI| Beam Line using CHEF

et V""" -"—-"-.-'
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