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Analytical insight of a delayed up and down conversion 
 
 
INTRODUCTION 
 
This study is motivated by the need for a better understanding of the impact of the 8/9π 
mode present in the cavity probe signal. This document presents the detailed derivations 
of a standard RF operation, from a mathematical view point, both in time and frequency 
domain.  
The starting point is an RF signal )cos()( 0ϕω += tAtA RF with a random phase ϕ0. This 
signal is down converted to an intermediate frequency ωIF . To keep this derivation as 
generic as possible, the signal used for the down conversion has a random phase ϕ1 with 
respect to the input signal. Then, the down converted signal is delayed in time (t-td) 
before the final up conversion step. The LO signal used for the up conversion also shows 
some phase shift ϕ2 with respect to the IF signal. All simpler cases (such as ϕ0 =0, or 
ϕ1=ϕ2) are particular cases of this generic derivation.  Figure 1 illustrates the RF 
operation. For consistency, the subscript 1 corresponds to the down converted signal, the 
subscript 2 to the time delayed signal, the subscript 3 to the up converted signal. 
 

 
 

Figure 1: diagram of delayed down conversion followed by an up conversion 
 
 
In section 1), the expression of (I1 , Q1), (I2 , Q2) and (I3 , Q3) are derived in the time 
domain. The same derivation is performed in section 2) in the frequency domain. 
Section 3) deals with the special case of an input signal with two components at different 
frequencies, which corresponds to an RF signal with a 8/9π mode content. Each section 
starts with some mathematical refreshers, useful for subsequent derivations.  
 
Note to the reader: 
 
Although the derivations are conceptually simple, they involve heavy calculations, which 
are not always trivial to follow. I tried to make this document as complete as possible, not 
skipping intermediate steps in the derivations, and yet tried to keep them as concise as 
possible.  
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1) In the time domain 

 
 

a. analytical overview 
 
Down converting )( tA RFω  to IFω with the upper side band ( IFRFLO ωωω += ) is 
equivalent to multiplying by , where ϕ)( 1ϕω +× tj LOe 1 is an arbitrary phase:  
 
 )()cos()( 1 tAttI RFLO ωϕω ×+=  

)()sin()( 1 tAttQ RFLO ωϕω ×+=  
 

Up converting )( tA IFω  to RFω with the upper side band ( IFRFLO ωωω += ) is equivalent 
to multiplying by  where ϕ)( 2ϕω +× tj LOe 2 is an arbitrary phase. In terms of I and Q, we have:  
  
 )()cos()( 2 tIttI IFLO ωϕω ×+=  

)()sin()( 2 tQttQ IFLO ωϕω ×+=  
 
A time delay corresponds to substituting t  with  dtt −   (i.e.  ) in all time-
dependent factors. 

dttt −a

 
 

b. down conversion 
 
Starting with a single frequency input signal with a random phase delay 0ϕ  

)cos()( 0ϕω += tAtA RF  
 
Making use of the following trigonometric identity  

( ) ([ ]bababa −++= coscos
2
1)cos()cos( ) , 
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And after filtering out the higher frequency term in IFRF ωω +2 , the down converted 
signal is: 

( )011 cos
2

)( ϕϕω −+= tAtI IF  

 
For Q, we make use of the following trigonometric identity 

( ) ([ ]bababa −++= sinsin
2
1)cos()sin( )  

and we obtain 
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And after filtering out the higher frequency term in IFRF ωω +2 , the expression for Q is 
now : 

( )011 sin
2

)( ϕϕω −+= tAtQ IF  

 
 

c. time delay 
 
To account for any time delay td taking place at the down converted stage, the I and Q 
expressions are translated in time by t-td : 
 

( )[ ]0112 )(cos
2

)()( ϕϕω −+−=−= dIFd ttAttItI  

( )[ ]0112 )(sin
2

)()( ϕϕω −+−=−= dIFd ttAttQtQ  

 
 

d. up conversion 
 
The new expressions after the up conversion are obtained by multiplying I and Q by 

)cos( 2ϕω +tLO  and )sin( 2ϕω +tLO  respectively, where 2ϕ  is an arbitrary phase that can 
be adjusted to compensate for prior time delays. 
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Here again, we make use of the identity: ( ) ([ ]bababa −++= coscos
2
1)cos()cos( ) , 
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And after filtering out the higher frequency term in IFRF ωω 2+  
 

( )[ ]0123 cos
4

)( ϕϕϕωω +−++= dIFRF ttAtI  

 
The phase term 2ϕ  can be adjusted to compensate for prior time delays by choosing  

dIF tωϕϕϕ −−= 012  
Then the final expression for I is  

( )tAtI RFωcos
4

)(3 =  

 
Following the same approach, we up-convert the Q term by using the following 
trigonometric identity: 

( ) ([ ]bababa +−−= coscos
2
1)sin()sin( )  

we obtain: 
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And after filtering out the higher frequency term in IFRF ωω 2+  
 

( )[ ]0123 cos
4

)( ϕϕϕωω +−++= dIFRF ttAtQ  

 
Applying the same choice of dIFtωϕϕϕ −−= 012 , the expression for Q simplifies to  

 

( )tAtQ RFωcos
4

)(3 =  

 
The first conclusion from this derivation is that the up-converted signal does not 
depend on the choice of intermediate frequency. Further more, the phase of the LO 
signal used at the up and down conversion can be adjusted to compensate for delays 
occurring in previous stages ( dIF tωϕϕϕ −−= 012 ), i.e. before the down conversion and 
during the down converted stage.  
 
Filtering the IF after the down conversion and filtering the RF after the up conversion 
results in a degradation of the signal amplitude by a factor of 2 at every step. So the 
reconstructed signal has an amplitude that is 4 times smaller than the original signal. 
 
 

2) In the frequency domain 
 
The same conclusions can be derived in the frequency domain 
 

a. analytical overview 
 
First, listed below are a few common time domain signals and their frequency domain 
counterparts: 
 

)cos()( 0ttf ω=   )]()([)( 00 ωωδωωδπω ++−=F  

)sin()( 0ttf ω=   )]()([)( 00 ωωδωωδπω +−−=
j

F  

    tjetf 0)( ω= )(2)( 0ωωπδω −=F  
 
A time shift in the time domain 0ttt −a  translates as in the 
frequency domain: 

0)()( tjeFF ωωω −a
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Similarly, the frequency equivalent of ⎟⎟
⎠
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A down conversion in the time domain is obtained by multiplying signals. In the 
frequency domain, this translates into a convolution of the Fourier transformed signals. 
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We’ll make use of these two properties in the following derivation. For a down 
conversion in the time domain, the input component A(t) is multiplied by )cos( 1ϕω +tLO . 
In the frequency domain: 
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As expected, a down conversion corresponds to a frequency shift by ω0 and its image -ω0 
The down converted imaginary part is obtained in the time domain through a 
multiplication by )sin( 1ϕω +tLO . In the frequency domain, this corresponds to  
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The same formula can be derived for the up conversion but this time convoluting I(ω) 
and Q(ω) by )cos( 2ϕω +tLO  and )sin( 2ϕω +tLO  respectively 
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After these mathematical refreshers, we can now derive the equations for the whole 
signal chain. 
  

b. down conversion 
 
We start from the same input function )cos()( 0ϕω += tAtA RF . Its Fourier transform is: 
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As we’ve seen before, a down conversion with an arbitrary phase ϕ1 will yield: 
 

[ ]

[ ]

[ ]

[ ] 1

0

1

0

1

0

1

0

11

)(

)(

)(

)(

)(

)(

1

)2()(
2

)()2(
2

)()(
2

)()(
2

)(
2
1)(

2
1)(

ϕω
ϕωω

ϕω
ϕωω

ϕ

ωω

ω
ϕωω

ϕ

ωω

ω
ϕωω

ϕϕ

ωωωδωωδπ

ωωδωωωδπ

ωωωδωωωδπ

ωωωδωωωδπ

ωωωωω

j
j

IFRFIF

j
j

IFIFRF

j

A

j

LORFLORF

j

A

j

LORFLORF

j
LO

j
LO

eeA

eeA

eeA

eeA

eAeAI

RF
LO

RF
LO

LO

RF
LO

LO

RF
LO

−
+

−

−

+

+

−

−

−

+++++

−+−−=

++++−+

−++−−=

++−=

444444444 3444444444 21

444444444 3444444444 21

 

 Julien Branlard 11/13/2009 



8 

 
Just like in the time domain, the down conversion produces harmonics at higher 
frequencies (2ωRF+ωIF and its image -2ωRF - ωIF) which can be filtered out: 
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Similarly, for Q(ω):  
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And after filtering out the higher frequency terms: 
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As a quick check, we inverse transform these two expressions to see their time domain 
counterparts. Let’s rearrange the terms to evidence some standard Fourier expressions: 
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We’ve seen that )(2)( 0ωωπδω −=F  corresponds to and that multiplying by 
a complex exponential is equivalent to a time shift, hence: 
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This is identical to the expression found in the time domain 
For the imaginary part, following the same steps as for I1(ω): 
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This is identical to the expression found in the time domain 
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c. phase shift 
 
Any time delay td that takes place at the intermediate frequency ωIF corresponds to a 
phase shift in the frequency domain ( ).  dtje ω−×
 

dRF
LO

RF
LO

d

tjj
j

IF
j

j

IF

tj

eeeeeA

eII

ωϕω
ϕωω

ϕω
ϕωω

ω

ωωδωωδπ

ωω

−−
+−

−

×
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
++−=

×=

1

0

1

0 )()(

12

)()(
2

)()(

 

and  
 

dRF
LO

RF
LO

d

tjj
j

IF
j

j

IF

tj

eeeee
j

A

eQQ

ωϕω
ϕωω

ϕω
ϕωω

ω

ωωδωωδπ

ωω

−−
+−

−

×
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
+−−=

×=

1

0

1

0 )()(

12

)()(
2

)()(

 

 
For completeness, we inverse Fourier transform these expressions: 
 

44 344 2144 344 21
constant

)(

constant

)(
2

01
0

0

01
0

0

)(
2

)(
2

)( ϕϕ
ϕ

ω
ω

ω
ϕω

ϕϕ
ϕ

ω
ω

ω
ϕω

ωωδπωωδπω −−⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

−
−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−

++−= j
jtj

IF
j

jtj

IF eeeAeeeAI RF

IF
d

RFRF

IF
d

RF  

 
becomes in the time domain: 

( ) ( )[ ]

( )01

2

)(cos
2

4

44
)(

0101

010
0

010
0

ϕϕω

ϕϕωωϕϕωω

ϕϕϕ
ω
ωω

ω
ϕωωϕϕϕ

ω
ωω

ω
ϕωω

−+−=

+=

+=

−+−−−+−

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−+−−+−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−+−−+

dIF

ttjttj

ttjttj

ttA

eeA

eAeAtI

dIFIFdIFIF

RF

IF
dIF

RF
IFIF

RF

IF
dIF

RF
IFIF

 

 
And for Q 

44 344 2144 344 21
constant

)(

constant

)(
2

01
0

0

01
0

0

)(
2

)(
2

)( ϕϕ
ϕ

ω
ω

ω
ϕω

ϕϕ
ϕ

ω
ω

ω
ϕω

ωωδπωωδπω −−⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

−
−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−

+−−= j
jtj

IF
j

jtj

IF eee
j

Aeee
j

AQ RF

IF
d

RFRF

IF
d

RF  

 
becomes in the time domain: 
 

( ) ( )[ ]

( )01

2

)(sin
2

4

44
)(

0101

010
0

010
0

ϕϕω

ϕϕωωϕϕωω

ϕϕϕ
ω
ωω

ω
ϕωωϕϕϕ

ω
ωω

ω
ϕωω

−+−=

−=

−=

−+−−−+−

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−+−−+−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−+−−+

dIF

ttjttj

ttjttj

ttA

ee
j

A

e
j

Ae
j

AtQ

dIFIFdIFIF

RF

IF
dIF

RF
IFIF

RF

IF
dIF

RF
IFIF

 

 
Note that the expressions indeed do correspond to the ones obtained in the time domain. 
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d. up conversion 
 
The last step consists of performing an up conversion back to the RF frequency. The 
phase ϕ2 associated with the up converting signal is purposely kept different from ϕ1 to 
keep this calculation as generic as possible. In reality, this phase parameter can be 
adjusted to compensate for delays occurring before the down conversion, and during the 
intermediate frequency stage, as we will show. 
 
As seen before, the up conversion is obtained using these formulas: 
 

22 )(
2
1)(

2
1)( ϕϕ ωωωωω j

LO
j

LOUC eIeII −++−=  

22 )(
2
1)(

2
1)( ϕϕ ωωωωω j

LO
j

LOUC eQ
j

eQ
j

Q −+−−=  

For I 
 

22 )(
2
1)(

2
1)( 223

ϕϕ ωωωωω j
LO

j
LO eIeII −++−=  

 
Substituting the expression of I2 in the formula above, we get: 

 

2

2

1

0

1

0

2

2

1

0

1

0

)(

)(
)2(

)(

)(
)2(

3

)()(
4

)()(
4

)(

ϕ

ωω

ωωϕω
ϕωω

ϕω
ϕω

ϕ

ωω

ωωϕω
ϕω

ϕω
ϕωω

ωωωδωωωδπ

ωωωδωωωδπω

j

I

tjj
j

LOIF
j

j

LOIF

j

I

tjj
j

LOIF
j

j

LOIF

eeeeeeA

eeeeeeAI

LO

dLORF
LO

RF

LO

dLORFRF
LO

−

+

+−−
+

−

−−−
−

×
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
++++−+

×
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
−++−−=

44444444444444 344444444444444 21

44444444444444 344444444444444 21

 
After filtering out the higher frequency terms, the expression simplifies to 
 

21

0

21

0

)()(
3 )(

4
)(

4
)( ϕωωϕω

ϕω
ϕωωϕω

ϕω
ωωδπωωδπω jtjj

j

RF
jtjj

j

RF eeeeAeeeeAI dLORFdLORF −+−−−− ×
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
++×

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
−=

 
This can be rearranged as 
 

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
++−= +−−

−
+−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−

)(
)(

)(
3

12

0

12

0

)()(
4

)( dLO
d

RFdLO
d

RF tj
tj

RF
tj

tj

RF eeeeAI ωϕϕω
ϕω

ωϕϕω
ϕω

ωωδωωδπω  

 
 
Following the same step for Q, we have 

22 )(
2
1)(

2
1)( 223

ϕϕ ωωωωω j
LO

j
LO eQ

j
eQ

j
Q −+−−=  
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Substituting the expression of Q in the formula above: 
 

2

2

1

0

1

0

2

2

1

0

1

0

)(

)(
)2(

)(

)(
)2(

3

)()(
22

1

)()(
22

1)(

ϕ

ωω

ωωϕω
ϕωω

ϕω
ϕω

ϕ

ωω

ωωϕω
ϕω

ϕω
ϕωω

ωωωδωωωδπ

ωωωδωωωδπω

j

Q

tjj
j

LOIF
j

j

LOIF

j

Q

tjj
j

LOIF
j

j

LOIF

eeeeee
j

A
j

eeeeee
j

A
j

Q

LO

dLORF
LO

RF

LO

dLORFRF
LO

−

+

+−−
+

−

−−−
−

×
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
++−+−−

×
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
−+−−−=

44444444444444 344444444444444 21

44444444444444 344444444444444 21

After filtering out the higher frequency terms, the expression simplifies to  
 

21

0

21

0

)()(
3 )(

4
)(

4
)( ϕωωϕω

ϕω
ϕωωϕω

ϕω
ωωδπωωδπω jtjj

j

RF
jtjj

j

RF eeeeAeeeeAQ dLORFdLORF −+−−−− ×
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
++×

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
−−−=

 
This can be rearranged into 
 

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
++−= +−−

−
+−

−
)(

)(
)(

)(

3
12

0

12

0

)()(
4

)( dLO
d

RFdLO
d

RF tj
tj

RF
tj

tj

RF eeeeAQ ωϕϕω
ϕω

ωϕϕω
ϕω

ωωδωωδπω  

 
 
To validate this result, we can inverse Fourier transform to compare with the expression 
obtained in the time domain: 

( ) ( )[ ]

( )012

3

cos
4

8

8
)(

012012

12
0

12
0

ϕϕϕωω

ϕϕϕωωϕϕϕωω

ωϕϕω
ω
ϕωωωϕϕω

ω
ϕωω

+−++=

+=

⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡
+=

+−++−+−++

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−+−+−−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+−+−+

dIFRF

ttjttj

tttjtttj

ttA

eeA

eeAtI

dIFRFdIFRF

dLOdRF
RF

RFRFdLOdRF
RF

RFRF

 

 
And for Q 

( ) ( )[ ]

( )012

3

cos
4

8

8
)(

012012

12
0

12
0

ϕϕϕωω

ϕϕϕωωϕϕϕωω

ωϕϕω
ω
ϕωωωϕϕω

ω
ϕωω

+−++=

+=

⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡
+=

+−++−+−++

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−+−+−−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+−+−+

dIFRF

ttjttj

tttjtttj

ttA

eeA

eeAtQ

dIFRFdIFRF

dLOdRF
RF

RFRFdLOdRF
RF

RFRF

 

 
 
 
 

 Julien Branlard 11/13/2009 



14 

Here too, if the up conversion process allows for tuning the phase, we can choose ϕ2 to 
cancel out previous delays: dIFtωϕϕϕ −−= 012  

( )tAtI RFωcos
4

)(3 =  

( )tAtQ RFωcos
4

)(3 =  

 
In the frequency domain 
 

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
++−= +−−

−
+−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−

)(
)(

)(
3

0

0

0

0

)()(
4

)( dRF
d

RFdRF
d

RF tj
tj

RF
tj

tj

RF eeeeAI ωϕω
ϕω

ωϕω
ϕω

ωωδωωδπω  

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
++−= +−−

−
+−

−
)(

)(
)(

)(

3
0

0

0

0

)()(
4

)( dRF
d

RFdRF
d

RF tj
tj

RF
tj

tj

RF eeeeAQ ωϕω
ϕω

ωϕω
ϕω

ωωδωωδπω  

 
And at ω = ωRF 

44
)( ][

3
00

ππω ωϕωϕ AeAI dRFdRF ttj
RF == +−−  

 

44
)( ][

3
00

ππω ωϕωϕ AeAQ dRFdRF ttj
RF == +−−  

 
 

These two derivations 1) and 2) are essentially the same. There is no surprise in that they 
yield the same results and the same conclusions. 
 
 

3) With a dual input frequency signal 
 

We now consider the case of an input signal with dual frequency content:  
 

)cos()cos( 00
BB

RF
AA

RF tBtA ϕωϕω +++  
 
We can write   

RF
A
RF ωω =      00 ϕϕ =A

ωωωωω Δ+=Δ+= RF
A
RF

B
RF    ϕϕϕϕϕ Δ+=Δ+= 000

AB

 
The expression for the input signal becomes: 

 
( ))()(cos)cos( 00 ϕϕωωϕω Δ++Δ+++ tBtA RFRF  

 
For simplicity, this will case be only be derived in the time domain.  
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a. down conversion 

 
At the down conversion stage, the input signal is multiplied by )cos( 1ϕω +tLO  and 

)sin( 1ϕω +tLO for I and Q respectively: 
 

( )[ ])()(cos)cos()cos()( 0011 ϕϕωωϕωϕω Δ++Δ+++×+= tBtAttI RFRFLO  
( )[ ])()(cos)cos()sin()( 0011 ϕϕωωϕωϕω Δ++Δ+++×+= tBtAttQ RFRFLO  

  

Solving for I1(t), and using the identity ( ) ([ ]bababa −++= coscos
2
1)cos() )cos( , we get 

 
( )

⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
Δ−−+Δ−−+⎟

⎟

⎠

⎞

⎜
⎜

⎝

⎛
Δ+++Δ+++

⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
−+−+⎟

⎟

⎠

⎞

⎜
⎜

⎝

⎛
+++=

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
Δ++Δ+−++

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
Δ++Δ++++

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
+−++

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
+++=

Δ++Δ+++++=

Δ−Δ++

+

ϕϕϕωωωϕϕϕωωω

ϕϕωωϕϕωω

ϕϕωωϕωϕϕωωϕω

ϕωϕωϕωϕω

ϕϕωωϕωϕωϕω

ωωωωω

ωωω

0101

2

0101

2

0101

0101

01011

)(cos)(cos
2

)(cos)(cos
2

))()(cos)()(cos
2

)(coscos
2

)()(cos)cos()cos()cos()(

ttB

ttA

ttttB

ttttA

ttBttAtI

IFIFRF

IFIFRF

RFLORFLO

RFLORFLO

b

RF

a

LO

b

RF

a

LO

b

RF

a

LO

b

RF

a

LO

RFLORFLO

44 344 2144 344 21

4342143421

4444 34444 21434214444 34444 2143421

43421434214342143421

 
Assuming IFωω <<Δ , we can legitimately assume that the term in ωωω Δ++ IFRF2  gets 
filtered out with the term in IFRF ωω +2 . Hence, after filtering the IF, the remaining 
expression for I is  
 
 

( ) ( )ϕϕϕωωϕϕω Δ−−+Δ−+−+= 01011 )(cos
2

cos
2

)( tBtAtI IFIF  
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Similarly, for Q and using the identity ( ) ([ ]bababa −++= sinsin
2
1)cos()sin( ) , we have 

( )

⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
Δ−−+Δ−−+⎟

⎟

⎠

⎞

⎜
⎜

⎝

⎛
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⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
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⎟

⎠

⎞

⎜
⎜

⎝

⎛
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⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
Δ++Δ+−++

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
Δ++Δ++++

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
+−++

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
+++=

Δ++Δ+++++=

Δ−Δ++

+

ϕϕϕωωωϕϕϕωωω

ϕϕωωϕϕωω

ϕϕωωϕωϕϕωωϕω

ϕωϕωϕωϕω

ϕϕωωϕωϕωϕω

ωωωωω

ωωω

0101

2

0101

2

0101

0101

01011

)(sin)(sin
2

)(sin)(sin
2

))()(sin)()(sin
2

)(sinsin
2

)()(cos)sin()cos()sin()(

ttB

ttA

ttttB

ttttA

ttBttAtQ

IFIFRF

IFIFRF

RFLORFLO

RFLORFLO

b

RF

a

LO

b

RF

a

LO

b

RF

a

LO

b

RF

a

LO

RFLORFLO

44 344 2144 344 21

4342143421

4444 34444 21434214444 34444 2143421

43421434214342143421

 
After filtering the higher frequency terms: 
 

( ) ( )ϕϕϕωωϕϕω Δ−−+Δ−+−+= 01011 )(sin
2

sin
2

)( tBtAtQ IFIF  

 
As a quick check, we notice that if B = 0, we get the expressions derived in part 1). 
Also, if Δω = 0 and Δϕ = 0, then we have twice the same signal. 
 
 

b. time delay 
 
The time delayed expressions are simply obtained by substituting t with t - td : 
  

( ) ( )ϕϕϕωωϕϕω Δ−−+−Δ−+−+−= 01012 ))((cos
2

)(cos
2

)( dIFdIF ttBttAtI  

 

( ) ( )ϕϕϕωωϕϕω Δ−−+−Δ−+−+−= 01012 ))((sin
2

)(sin
2

)( dIFdIF ttBttAtQ  

 
 
 

c. up conversion 
 
For the final step, we multiply I2(t) and Q2(t) by cos( )+ω 2ϕtLO 2 and sin( )ω ϕ+tLO  

respectively and make use of ( ) ([ ]bababa −++= coscos
2
1)cos() )cos(  twice. 
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( ) ( )
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⎥
⎥
⎥
⎥
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⎤

⎢
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⎢
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⎢
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⎜
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⎟

⎠
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⎜

⎝
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⎟

⎠

⎞

⎜
⎜

⎝

⎛
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+
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2

012012

2

012012

223

)()(cos

)()(cos

4

)(cos)(cos
4

))((cos)cos(
2

)(cos)cos(
2

)()cos()(

dIFIFLO

dIFIFLO

dIFIFLOdIFIFLO

dIFLOdIFLO

LO

tt

tt
B

ttttA

tttBtttA
tIttI

RF

IFRF

RFIFRF

44 344 21

44 344 21

4342143421

 
Filtering out the terms in ωωω Δ−+ IFLO  and in IFLO ωω +  (assuming IFωω <<Δ ), the 
expression above simplifies to: 
 

( ) ( )ϕϕϕϕωωωωϕϕϕωω Δ++−+Δ−+Δ+++−++= 0120123 )()(cos
4

cos
4

)( dIFRFdIFRF ttBttAtI  

 
 
For Q3(t), we multiply Q2(t) by )sin( 2ϕω +tLO and use the following identity twice: 

( ) ([ ]bababa +−−= coscos
2
1)sin()sin( )  
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)()(cos

)()(cos

4

)(cos)(cos
4

))((sin)sin(
2

)(sin)sin(
2

)()sin()(

dIFIFLO

dIFIFLO

dIFIFLOdIFIFLO

dIFLOdIFLO

LO

tt

tt
B

ttttA

tttBtttA
tQttQ

RF

RF

IFRFRF

44 344 21

44 344 21

4342143421

 
Filtering out the terms in ωωω Δ−+ IFLO  and in IFLO ωω +  (assuming IFωω <<Δ ), the 
expression above simplifies to: 
 

( ) ( )ϕϕϕϕωωωωϕϕϕωω Δ++−+Δ−+Δ+++−++= 0120123 )()(cos
4

cos
4

)( dIFRFdIFRF ttBttAtQ
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As explained earlier, we can choose ϕ2 to cancel out previous delays: dIFtωϕϕϕ −−= 012  
 

( ) ( )ϕωωωω Δ+Δ−Δ++= dRFRF ttBtAtI )(cos
4

cos
4

)(3  

 
 
Note that the value for ϕ2 chosen here is identical to the one used in part 1). Similarly, 
this value will simplify Q3(t): 
 

( ) ( )ϕωωωω Δ+Δ−Δ++= dRFRF ttBtAtQ )(sin
4

sin
4

)(3  

 
 
We can easily check that if B = 0, we get the expressions derived in part 1) and Δω = 0 
and Δϕ = 0, then we have twice the same signal. 
 
 
 
CONCLUSION 
 
The document has shown the complete derivation of a single frequency input signal, 
going through the process of a down conversion, experiencing some delay at the 
intermediate frequency stage, and being up converted back to the RF frequency. The 
analysis was carried both in the time and in the frequency domain.  
The same derivation was performed for a dual frequency input signal. 
  
This analysis clearly shows that the output signal is independent of the choice of 
intermediate frequency after up conversion in the dual frequency case, as in the case 
of a single frequency input signal.  
 
This also shows that a phase shift that occurs at the nominal operating frequency ωRF due 
to system delay can be compensated for at the time of the up conversion by a single phase 
adjustment. 
 
In the dual frequency case, while the nominal frequency signal can be phase adjusted, the 
second component ( ωω Δ+RF ) will show a phase shift dtωΔ− inversely proportional to 
the frequency offset ( ωΔ ) of the input signal. 
 
So, for a calibrated system, in the case of a cavity signal with some 8/9π content, the 
phase shift of the 8/9π mode is only a function of its frequency offset ( ωΔ ) and of 
the delay ( ) but is independent of the choice of IF. dt
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